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Solution by G. B. M. ZERS. A. M., Pb. D., Parsons, West Va. 

Let U=ax 4 +by 4 -\-cz 4 -i-4:(a 2 x 3 y-\-a 3 x ! >z+b' 3 y 3 z-)-b l y 3 x-\-c 1 z 3 x + z :i z 3 y) 

+6(dy 2 z* + es , x* +fx*y* ) + \2xyz{lx + my+nz) 

be the ternary quartic. The required invariant written out in full is 

d 4 u d 4 u d 4 u a(^* u d 4 u d*u d 4 u d 4 u d 4 u d 4 u d 4 u d 4 u \ 
dx*~'dy r '~dz i \dx 4 'dy 3 dz'dz 3 dy dy* 'dz 3 dx'dx 3 dz + Hz^'dx 3 dy'dy 3 dx) 

S d 4 u I d 4 u \* d*u 1 d 4 u y d 4 u I du 4 \~| 
Ldx 4 \dy* dz") + dy 4 W dz 1 ) + dz 4 W dy*)J 

J d 4 u d 4 u d 4 u d 4 u d 4 u d 4 u \ ..„/ d 4 u d 4 u d 4 u 
\dx 3 dy'dy* dz'dz 3 dx dx 3 dz'dy 3 dx'dz 3 dy/ \dx*dy' 



\dx 3 dy'dy 3 dz'dz 3 dv dx 3 dz'dy 3 dx'dz 3 dy) \dx*dy dxdydz*'dy* dz* 



d 4 u d 4 u d 4 u d 4 u d 4 u d 4 u , d 4 u d 4 u d 4 u 



dx 3 dz'dx dy*dz'dy* dz' dy 3 dx'dxdydz*'dz* dz* dy* dz'dx* dydz'dz* dx- 
d 4 u d 4 u d 4 u d 4 u d 4 u d 4 it \ , ,„/ d 4 u d 4 u d 4 u 



d 4 u d 4 u d 4 u \ „/ 
dz 3 dv'dx- dy dz'dx- dy 2 ) \a 



dz 3 dx'dx dy- dz'dx 3 dy 2 dz 3 dy'dx- dy dz'dx' 1 dy 2 ) \dx*dydz 'dy 3 dx'dz 3 dx 

, d'u d 4 u d 4 u d*u d 4 u d 4 u \ T d 4 u I d*u \ 2 

dx dy*dz'dz 3 dy'dx 3 dy dxdydz-'dx 3 dz'dy 3 dz) *-dy* dz* ' \dx* dy dz) 

d 4 u f d 4 u y d 4 u I d 4 u \ 2 ~\ d 4 u d l u _dy 

+ dz 2 dx 3 '\dxdy* dz) + dx*dy*'\dxdydz*) _| + dy* dz 2 'dy*dx 2 'dx*~( 
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dxdy* dz) dx*dy*'\dxdydz*) J dy* dz 2 ' dy* dx 2 ' dx* dz'- 
d*u d 4 u d 4 u 



dx* dy dz'dx dy* dz'dx dy dz* ' 

:.abc— 4(a6 3 c 2 + bc l a 3 +ca i b,)+^(ad 2 +be" +cf 2 ) + <l(a 2 b 3 c t +a 3 b 1 c i ) 

— 12(a i nd + a 3 md+b 1 ne+b 3 le+c 1 mf+c s lf)+l2(lb t c 1 -j-mc i a i + na 3 b 3 )^-\2{dl* 

+em* +fn* ) +6def-V2lmn. 

189. Proposed by L. C. WALKER, A.M., Professor of Mathematics, Colorado School of Mines, Golden, Col. 
Given the roots of a binary cubic, to find the roots of its two inbependent covariants. 

Solution by G. B. M. ZEES, A. M., Ph. D., Parsons, West Va. 

Let ax 3 + 3bx 2 y+'6cxy*-\-dy*=0 be the cubic. The two independent co- 
variants are, 
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(ac-6*)x 2 +(ad-bc)xy + (bd-c-)y s =0. (1) 

(ad 2 -3bcd+2c*)x 3 +3{2b*d-acd-bc*)x*y + S(2ac* -abd-b*c)xy* 

+ (a*d-3abc+2b ! >)y 3 =0. (2) 

Let x/y—z, then az^+BW+Scz+d— is the cubic. Let a, j3, y be the gamma 
roots of this cubic. Then 

4=(«- / j)2 + ( / s_ r )2 + ( r _ a )2 == 2(« 8 +y? 8 +r 2 )-2(^+«r+/?r) 

=:-(18/a 2 )(ac-& 2 ); 
B=2[a( / 3- r )2+ / J( r _ a )2+ r (a- / 3)2] = -(18/a')(«(r-6c); 

0=« 2 (/?- r )H/S 8 (r-«) 2 +r s («-/ ? ) 5: = :: -(18/a 2 )(M-c 2 ). 

.-.The quadratic covariant is Az- + Bz+C--Q. The roots of this equation 
are [J3± /(B 2 -4AC)]/2A. Substituting the values of A, B, G in terms of «, 
/?, r, the roots are 

<P-ry+Kr-*y+r{*-?y± («-rp (r-«)(^-r)i/(-3 ) 
(«-/?) 2 +(r-«) s +(/?-r) 2 

D=2^-a/?-a > -=3/Jr-(iJrH- a / J + a r)=3^r-3c/a; 
JS7=2>-«-/? r -/3a=3 r a-3c/a ; 
J , =2a,9- r «- r /9 : =3«/J-3e/a ; 
<?=:«4. / j-2r=«+ ( 9+r-3>-=-36/«-3r; 
H=p+ y- 2«= - 36/« - 3« ; 
JC= r +«-2/?=-36/a-3/?. 

.-. J)J? J F=27(a/3-c/a)( r «-c/a)(/?r-c/a)=(27/a 3 )(a<f i -36«f+2c 3 ) ; 
GflJT=-27(a+6/a)0J+&/«)(r-!-6/a)=(27/a s )(a s <f-3a&c + 2&8); 
ZXEG + DFK+FFG= -21\_(^y-c/a)(ya-c/a)(y + &/a)+(/3>--c/a) 

X(«/5-c/a)(,S+&/«) + (r«-c/«)(«/?-c/a)(«+5/«)] 
= -(81/a 8 )(2& 2 tf-ac<f-&c 2 ); 

DG5:+iS;Gff+ZH2--=27[(^-c/a)(r+6/«)(/S + V«)+(r«-c/a)(«+6/a) 
x(r+6/«) + («/J-e/«)(«+&/«)(y?+&/a)] 
=(81/a3)(2ac 2 -abd-Wc). 

:. The cubic covariant is 

DFFzs+(DF0+DFK+EFH)z*+(DGK+FGH+FHK)z+GB:K=O. 



239 

. s» + ( G/F+K/F+H/D)z* + {GK/FF+ GH/DF+HK) BE)z+GHK/DBF=Q. 
.\(z-\-G/FXz+E/E)(z+ff/D)=0. 
.-.The roots are -G/F, —K/F, -H/D, or 

2r-a-/? 2/3-a- r 2a-P- r 



2ap— r &- r j3 ' 2 r a-fr-p a ' 2fr-aP-a r ' 



PROBLEMS FOR SOLUTION. 



ALGEBRA. 

185. Proposed by L. E. DICKSON, Ph. D., Assistant Professor of Mathematics, The University of Chicago. 

Without introducing radicals, eliminate x and y from the equations 
ax*+bx+c=0, ay s + by+d—0, a* 8 y s +6a;«/+e=0. 

186. Proposed by L. E. DICKSON, Ph. D., Assistant Professor of Mathematics, The University of Chicago. 
Eliminate x and y from the equations 

ax 3 +bx 2 +cx-\-d=0, 
ay s +by i +cy+e=0, 
ax 3 y 3 -^bx^y* -f-c$y +f—0, 
the eliminant to be rational in d, e, f. 



GEOMETRY. 

207. Proposed by W. W. HABT, University High School, Chicago, 111. 

According to Gauss the circumference of a circle can be divided into n 
equal parts by ruler and compass when and only when n is a prime of the form 
22*~f-l. 

The following construction gives good partial results for n equals any in- 
teger. If AB is the diameter of the circle, and G is the vertex of the equilateral 
triangle ABC, and if D is a point on AB at the distance 2AB/n from A, then 
draw the line CD cutting the circle at E and F; E being the more remote from 
G. AE—l/n circumference approximately. For low values of n this method is 
very practical; is it practical in general? How great is the error? 

208. Proposed by W. J. GBEENSTREET, A. M., Editor of The Mathematical Gazette, Stroud. England. 

Tangents drawn to two confocal parabolae from a point on the common tangent in- 
tersect at the same angle as the axes of the parabolae. 



